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UEDA THEORY FOR COMPACT CURVES WITH NODES 


TAKAYUKI KOIKE 


Abstract. Let C be a compact complex curve included in a non-singular complex sur¬ 
face such that the normal bundle is topologically trivial. Ueda studied complex analytic 
properties of a neighborhood of C when C is non-singular or is a rational curve with a 
node. We propose an analogue of Ueda’s theory for the case where C admits nodes. As 
an application, we study singular Hermitian metrics with semi-positive curvature on the 
anti-canonical bundle of the blow-up of the projective plane at nine points in arbitrary 
position. 


1. Introduction 

Let A be a non-singular complex surface and C C A be a compact complex curve. Our 
aim is to investigate complex analytic properties of a neighborhood of C when the normal 
bundle Nc/x j*Ox(C ) is topologically trivial, where we denote by j the inclusion 
C c — y A. In the present paper, we treat the case where C is a curve with only nodes (i.e. 
C is a 1-dimensional reduced subvariety of A with only normal crossing singularities. C 
may be reducible, and may have a self-intersecting curve as an irreducible component). 
One main conclusion of our results in this paper is on the (non-)existence of C°° Hermitian 
metrics with semi-positive curvature on the line bundle Ox(C) when C is a cycle of 
rational curves: 

Theorem 1.1. Let X be a non-singular complex surface and C C A be a cycle of 
rational curves with topologically trivial normal bundle (C is a reduced subvariety of X 
with only nodes, and may be either a non-singular one or a rational curve with a node). 

(i) Assume that Nc/x Is a flat line bundle (i.e. it can be regarded as an element of 
H 1 (C,U( 1)), where 17(1) := {z E C | \z\ = 1}J with log d(Oc, N(j/ X ) = 0(\ogn) as 
n —> oo, where d is the Euclidean distance of H l (C, 1/(1)). Then Ox(C ) admits a C°° 
Hermitian metric with semi-positive curvature. 

(ii) Assume that Nc/x is not flat. Then the singular Hermitian metric \f \~ 2 has the 
mildest singularities among singular Hermitian metrics of Ox (C) whose local weights are 
psh (plurisubharmonic ), where f G 7L°(A, O x {C)) is a section whose zero divisor is C. 
Epecially, O x {C ) is nef, however it admits no C°° Hermitian metric with semi-positive 
curvature. 
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Note that H l (C,U(l)) can be regarded as a subset of H l (C, Oq), which is the set of 
all holomorphic line bundles on C (see Remark 12.3]) . We can apply Theorem 11.11 to the 
anti-canonical bundle K x ] of the blow-up X of the projective plane P 2 at nine points 
different from each other. Let Co C P 2 be a compact curve of degree 3 including all of 
the nine points. Denote by C the strict transform of Co- When Co is a non-singular 
elliptic curve, it is known that K^ 1 = Ox(C) admits a C°° Hermitian metric with semi¬ 
positive curvature if Nq/x is an torsion element of H l (C, Oq) or satisfies the condition as 
in Theorem 11.11 ( i ) (It follows from [U83 . Theorem 3], see |Br| ). It follows from Theorem 
that the same phenomenon occurs even when Co is a curve with nodes if Nq/x 
is topologically trivial. Thus, even in this case, we can pose the same question as the 
following Question 11.21 which the author learned from Prof. Jean-Pierre Demailly. 

Question 1.2. Let Co C P 2 be a non-singular elliptic curve. Is there a configuration 
of nine points {pj}® =1 C Cq such that the anti-canonical bundle K^ 1 of the blow-up X of 
P 2 at {pj}® =1 admits no C°° Hermitian metric with semi-positive curvature? 

Theorem 11.11 ( ii ) deduces the following: 

Corollary 1.3. There exists a configuration of nine points {pj}® =1 C P 2 such that 
the anti-canonical bundle K x of the blow-up X o/P 2 at {py}y =1 ne f> however it admits 
no C°° Hermitian metric with semi-positive curvature. 

Note that, though Corollary 11.31 gives an answer to a weak analogue of Question 11.21 
we can not give an answer to the original form of Question 11.21 from Theorem 11.11 (ii). It 
is because Nq/x is always flat if Co is non-singular, where C is the strict transform of C 0 
(see [U831 Proposition 1]). We also study (singular) Hermitian metrics with semi-positive 
curvature on K x x for arbitrary position of nine points (Theorem 17.11) . 

The goal of the present paper is to pose an analogue of Ueda theory f [U83j . |U91| 1 
for a curve C with only nodes included in a non-singular surface X. Prof. Tetsuo Ueda 
investigated complex analytic properties of a neighborhood of C when Nc/x is topologi¬ 
cally trivial in the case where C is non-singular ( |U83| ) and the case where C is a rational 
curve with a node f [U91] 1. When C is a curve with nodes, we define the “type” of the 
pair (C, X) as the supremum of the set of all integers n such that u u (C, X) = 0 holds 
for all integer v < n, where u u (C,X) e H l (C,Oc(Nff'l x )) is the class we will define in 
§3 as an analogue of Ueda’s obstruction class posed in |IJ83j . Before describing our main 
results, we first explain our notations. We denote by V(C) the set of all topologically 
trivial holomorphic line bundles defined on C and by Vo (C) the set of all flat line bundles 
defined on C. We denote by S 0 (C) the set of all torsion elements of Vo(C), and by E\(C) 
the set of all elements L of Vo(C) which satisfies the condition logd(Oc, L n ) = O(logn) 
as n — * oo, where d is an invariant distance of Vq(C) (£\(C) does not depend on the choice 
of d, see [ IJ831 §4.1]). For L e V(C), we denote by C(A) the sheaf of constant sections 
of L. Note that the notion of the constant section is well-defined for L G V(C), since L 
admit a flat connection (even when L ^ Vo(C), or equivalently, even when L admits no 
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flat metric, see Lemma 12.11) . Note also that, the sheaf C (L) is independent of the choice 
of the flat connection np to sheaf isomorphism. 

The main results of this paper are the follows. The first one is an analogue of |U83i 
Theorem 3]: 

Theorem 1.4. Let X be a non-singular complex surface, C be a 1-dimensional reduced 
compact subvariety of X with only nodes such that Nc/x £ £q(C) U £\(C). Assume 
that i*Nc/x £ £o(C), where i: C —> C is the normalization of C. Assume also that 
H L (C, C(N~J X )) = 0 holds for each n G Z >0 . Then, if the pair ( C , A") is of infinite type, 
then there exists a neighborhood V of C in X such that Oy(C) is flat. 

Next one is an analogue of [IJ83 , Theorem 1, 2]: 

Theorem 1.5. Let X be a non-singular complex surface, C be a 1-dimensional reduced 
compact subvariety of X with only nodes such that G(C ) is a tree and N c /x = Oc, where 
G(C) is the dual graph of C; i.e. G(C) is the graph such that the vertex set of G(C) is 
the set of all irreducible components of C and the edge set of G(C) is the set of all nodal 
points of C. Assume that the type of the pair (C, X) is a finite number n e Z >0 . Assume 
also that u n (C,X)\c v ^ 0 6 H l (C v ,Ocfl) holds for all irreducible component C v of C. 
Then the following holds: 

(i) For each real number A > 1, There exists a neighborhood V of C and a strongly psh 

function <f> A : V\C —> R. such that —> oc and $\(p) = 0(d(p, C )~ Xn ) hold as p —>■ C, 

where d(p , C) is the distance from p to C calculated by using a local Euclidean metric on 
a neighborhood of a point of C in V. 

(ii) Let V be a neighborhood of C in A, T be a psh function defined onV \ C. If there 
exists a real number 0 < A < 1 such that T(p) = 0(d(p,C)~ Xn ) as p —>■ C, then there 
exists a neighborhood Vq of C inV such that T|y 0 \ C ; is a constant function. 

The third one is an generalization of (U91[ Theorem 1, 2]: 

Theorem 1.6. Let X be a non-singular complex surface, C be a 1-dimensional reduced 
compact subvariety of X with only nodes such that the dual graph G(C ) is a cycle graph 
(G(C) may be the graph with one vertex and one edge) and Nc/x £ V{C)\Pq{C). Assume 
that the type of the pair (C,X) is larger than or equal to 4. Then the following holds: 

(i) For each real number A > 1, There exists a neighborhood V of C and a strongly psh 
function <3^: V\C — > M such that <b A (p) — y oo and <£>(p) = 0((— log d(p, C)) 2A ) hold as 
p —$■ C, where d(p, C ) is the distance from p to C calculated by using a local Euclidean 
metric on a neighborhood of a point of C in V. 

(ii) Let V be a neighborhood of C in A, $ be a psh function defined onV \ C. If there 
exists a real number 0 < A < 1 such that T(p) = 0((— log d(p, G)) 2X ) as p —>■ C, then 
there exists a neighborhood Vo of C inV such that T|y 0 \c is a constant function. 

[IJ831 . Theorem 3] is shown by using L°°-norm estimates for 0-cochains whose cobound¬ 
ary define the obstruction class u u (C, X) for each v. Refining this technique by considering 
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the exterior derivatives of such 0-cochains, we prove Theorem 11.41 |U83| Theorem 1, 2] 
and |U91l Theorem 1, 2] are shown by constructing a suitable function <3A on a neighbor¬ 
hood of the curve for each A > 0. We prove Theorem II .51 and Theorem 1 1.61 by generalizing 
this construction. 

The organization of the paper is as follows. In §2, we study fundamental properties 
of topologically trivial holomorphic line bundles on a curve with nodes. In §3, we give 
the definition of the obstruction class u n (C,X ) and the type of the pair (C, X). In §4, 
we prove Theorem 11.41 In §5, we prove Theorem 11.51 In §6, we prove Theorem 11.61 In 
§7, we prove Theorem 11.11 In this section, we also study singular Hermitian metrics with 
semi-positive curvature on the anti-canonical bundle of the blow-up of P 2 at nine points 
in arbitrary position. 

Acknowledgment. The author would like to give heartful thanks to Prof. Shigeharu 
Takayama whose comments and suggestions were of inestimable value for my study. He 
also thanks Prof. Tetsuo Ueda, Prof. Yoshinori Gongyo, and Dr. Yusuke Nakamura for 
helpful comments and warm encouragements. He is supported by the Grant-in-Aid for 
Scientific Research (KAKENHI No.25-2869) and the Grant-in-Aid for JSPS fellows. 

2. TOPOLOGICALLY TRIVIAL HOLOMORPHIC LINE BUNDLES ON CURVES WITH NODES 

In this section, we study fundamental properties of topologically trivial holomorphic 
line bundles on a curve with only nodes. 

Lemma 2.1. Let C be a compact complex curve with only nodes and L be an element 
ofV(C). Then, in a suitable local trivialization, all the transition functions of L are 
constant functions valued in C*: V{C) = Image (77 1 (G, C*) -A i/ 1 (C', Especially it 

follows that L admits a flat connection even when L VflC). 

PROOF. Considering the exponential short exact sequence, it is sufficient to show that 
the natural map H l (C, C) —> H l {C,Oc ) is surjective. For simplicity, we show this as¬ 
sertion only when the set G S i ng of all singular points of C is a unit set {p} C C. Fix a 
sufficiently fine open covering {L/ J }'A 1 of C. We may assume that p e Uj ==>- j = 1. 
Denote by i: C —* C the normalizations of C and by {U u }fl =0 the open covering of C such 
that 

r'm = & u0 ' W = 1) 

[Uj (j > i) 

holds. Let [{(Ujk, fjk )}] be an element of ^(C, O c ) and set {(U jk , f jk )} := i*{(U jk , fjk)}- 
Then [{(Uj k , fjk)}} defines an element [{(Ujk, fjk)}} G H l (C , Oq). Considering the Hodge 
decomposition on C, it turns out that H l [C, C) —> i7 1 (C', Oq) is surjective and thus 
there exists a 0-cochain {(Uj,Fj)} and an element [{(Uj k , a-jk)}} £ H l {C, C) such that 
i(U jk , f jk )} = {{U jk ,a jk )} + 5{{U V Ffl} hokk ~ 

Let us consider the case where Fo(po) = Fi(pi) holds, where {pg} = i~ l (p) G Ug for 
£ = 0,1. First, in this case, we will show that there exists a 0-cocycle {(Uj,Fj)} such 
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that i*{(Uj, Fj)} = {( Uj,Fj )}. As the construction of Fj for j ^ 1 is trivial, we only 
explain the construction of F\. Let us regard Li as a neighborhood of (0, 0) in the subset 
{xy = 0} C C 2 , Fq as a function F 0 (x) defined on f/ 0 = (a neighborhood of (0,0) in 
{y — 0}), and, Fi as a function Fi(y) defined on U\ = (a neighborhood of (0,0) in 
{x = 0}). Then we can construct F\ as the function F\(x,y) := F 0 (x) + F\(y) — F o (0), 
which proves the assertion. By using this, we obtain that [{(Ujk, fjk)}] and [{(Ujk, ajk)}] 
coincide with each other as elements of F[ l (C, Oc), where {(Ujk, aj k )} is an element of 
H l (C, C) such that i*{(Ujk, djk)} = {(Ujk, ajk)}. This shows the lemma. 

Next we consider thee case where A := F\ (p\) — F 0 (p 0 ) 4 0. From the same argument 
as in the previous case, we can construct a 0-cocycle {(Uj,Fj)} such that i*{(Uj, Fj)} = 
{(UjXl + Sio ■ A)} holds, where 


to : - 



0 = 0 ) 
(otherwise). 


Thus we can show that {(Ujk, fjk)} ~ ${(Uj,Fj)} = {(U 3k , a 3 k + Aj k )} holds, where 
{(Ujk, ajk)} and {(Ujk, Aj k )} are elements of H l (C, C) such that i*{(Uj k , aj k )} = {(Uj k ,aj k )} 
and i*{(Ujk, Ajk)} = {(Ujk,Soj • A)} holds. This shows the lemma. □ 

Remark 2.2. Let C be a compact curve with nodes and i : C —> C be the normalization 
of C. Let {Uj} be an open covering of C which is a finite collection of open sets. In the 
rest of this paper, we always assume that {Uj} is fine enough to satisfy the following 
conditions: Each Uj is isomorphic to an open ball in C or a neighborhood of (0, 0) in 
{xy = 0} C C 2 , and each Uj k is isomorphic to an open ball in C. Moreover we may 
assume that, for each j , k such that Uj D C S i ng 4 0 and 14 FI C^ng 4 0, the intersection 
Ujk is the empty set. Let {U v } be an open covering of C which satisfies the following 
conditions: For j such that Uj fl C^ng = 0) there exists v such that i _1 (Uj) = U v . For 
U k fl C sing 4 0, there exists /i, A such that R 1 (U 3 ) — U tJ U U\. Moreover, each U v is 
isomorphic to an open ball in C. 

From the proof of Lemma l2Al it turns out that, for each L = [{(Ujk, tjk )}] € F[ l (C, C*), 
there exists r Ufl G 4(1) and a v G C* such that tjk = T UfJ , ■ a^/ay holds for each j,k,is,fi 
with i _1 (4 ? 'fc) = U Ufl . Moreover, we may assume that a u = 1 holds for each u such that 
U v = i~ l (Uj) for some U 3 . 

Consider the case where C is a rational curve with a node p. In this case, we may 
assume that = 1 for each u and p, and there uniquely exists an open set f4 0 such that 
p G Uk 0 - Then the number a ko or a^ 1 coincides with the number a appears in [ IJ91] . 

Remark 2.3. Let C be a compact curve with nodes. Though the map R 1 (C', C*) —y 
iL 1 (C, Off) is not injective in general, the natural map H 1 (C,U( 1)) —> H l (C,0* c ) is 
injective. For proving this fact, it is sufficient to show that the natural map R 1 (C', M) —y 
H l (C,Oc) is injective. Let i: C —* C be the normalization and C = {J^ =1 C V be the 
irreducible decomposition. By considering the short exact sequences as in the proof of 
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Proposition 12.51 below, we obtain the following commutative diagram with exact rows: 


vbh=i 




© 


© 


Pj'G Caging 
0 

Pj GC s i 


h\c,: 


©;; =1 h '( c v ,: 


c 


H\C,O c )^®? =1 H\C„,O dt/ ) 


Taking an element £ from the kernel of the map H l (C, M) —>■ H l (C, Oc), we prove that 
£ = 0 holds. It follows form the Hodge decomposition theorem that the map 7 above is 
an isomorphism. Thus there exists an element 77 G © p . e c<. R such that 771 —y £ holds. As 
S(j3(r /)) = 0, there exists an element £ G ©^L x C such that £ 1 —» (3(rj). Since it holds that 
Re (C) l— 1 77, we obtain that £ = 0 holds. 


Lemma 2.4. Let C be a compact curve with nodes. If the dual graph G(C) of C is a 
tree, Vq(C) = V(C) holds. 

PROOF. When the depth of G(C) is equal to 0, lemma follows from |IJ83| §1.1]. It also 
turns out that, 'Pq(C) = V[C) holds when there exist Ci, C 2 C C such that C — C\ U C 2 , 
if (Ci fl C 2 ) = 1, and Vo(Cf) = V(Cf) holds for j = 0,1. Thus we can show this lemma 
by the induction for the depth of G(C). □ 


Proposition 2.5. Let C be a compact complex curve with only nodes and L be an 
element ofV(C ). Assume one of the following conditions: 

(1) G(C) is a tree and L = Oc- 

(2) Euler number of G(C) is equal to 0, L ^ Oc, and i*L = O^, where i: C -3 C is the 
normalization. 

Then the natural map H l (C, C(L)) —> H 1 (C,Oc(L)) © H 1 ^, Oc(L)) is isomorphism, 
where Oc(L), Oc(L) is the sheaf of holomorphic, anti-holomorphic sections of L, respec¬ 
tively. 

Proof. Denote by C — (J©, C v the irreducible decomposition of C. Consider the 
short exact sequence 0 -A C (L) -A i*C (i*L) — * © pG c si L\p 0; where i*C(i*L) -A 
©pec S i ng L\ P is the map defined by (i*C(i*L)) p = L\ p (B L\ p 3 (a, b) ha a — b G L\ p for each 
p G C sing . This short exact sequence induces the exact sequence 

N 

0 H«(C,C(L))->®H»(C„,C(i*L| a ))^ © L\ p 

V=1 P^Csing 

N 

-t- H\C,C(L)) ® H\C p ,C(eL\ g J) -> 0. 

V=1 

As i*L \q = Oq holds for each v under the assumptions (1), (2), we obtain the equation 

N 

dim H 1 (C,C(L)) = dimH°(C,C(L))-N+ #(C sing ) + J2 dimHl (C l/ ,C(eL\ 5 J). 

U=l 
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As dim H°(C, C (L)) — N + #(C S i ng ) = 0 holds under the assumptions (1), (2), we obtain 
dim H\C,C(L)) = Ylv=i dimi7 1 (C t/ , C(i*L|^)). We also obtain dim H\C,O c {L)) = 
E" =1 dhnH\C„,O d „(i*L\ d J) and dim H\C,O c (L))_= ^ dim H\C u ,O dv (i*L\ e J) 
from the same argument for the sheaves Oc(L ) and Oc(L) instead of C (L). Since each 
C v is a compact Kahler manifold, dim H 1 (C u ,C(i*L\^)) = dim H 1 (C U , 0^(i*L\^)) + 
dimH l (C v , Oq (i*L\g )) holds. Thus we obtain the equation 

dim H l (C, C(L)) = dim H\C, O c (L)) + dim H\C, O c (L)). 

By the same argument as in [IJ83i p. 586], we can show that the natural map H l (C , C (L)) —y 
H l (C, Oc(L )) © H l (C , Oc{L)) is injective. Thus this map is isomorphism. □ 

3. Definition of the obstruction classes and the type for the pair (C,X) 

Let X be a compact non-singular complex surface and C C X be a compact complex 
curve with only nodes. Assume that Nq/x £ 'P(C). In this section, we give the definition 
of the obstruction class u n (C,X) G iL 1 ((7, Oc(N^J x )) and the type of the pair (C,X) in 
almost the same manner as in the case where C is non-singular [ U83] . Let us fix an open 
covering {Uj} of C as in Remark 12.21 Fix a sufficiently small neighborhood V oi C in X 
and an open covering {Vj} of V such that Vj D C = Uj. We may assume that Vjk ^ 0 
only if Uj k ^ 0. 

Lemma 3.1. Let tjk G C* be constants such that Nq/x = [{(Ujk,tjk)}]- Then, by 
shrinking V and {Vj} if necessary, there exists a system {(Vj,Wj)} of defining functions 
Wj of Uj on Vj such that tj k Wk = Wj + 0{wj) holds on Vj k for each j, k. 

PROOF. Fix a defining functions Vj of Uj on Vj for each j. Since [{(Ujk, ( v j/ v k)\u jk )}\ = 
[{(Ujk, tjk)}) G H l ({Ujk}, Ofi ), there exists 0-cochain {(Uj, e 3 )} G C°({Uj}, 0 * c ) such that 
(vj/vk)\u jk = tjkBj/ek • By shrinking V and {Vj} if necessary, there exists a nowhere 
vanishing holomorphic function fj on Vj such that fj\uj — e ] for each j. Then we can 
show the lemma by considering Wj := ffi l Vj. □ 

Fix {tjk}, {u>j} as in Lemma l3Tl In the following, we always assume that V 7 nC' sing = 0 
whenever we consider the set Vjk- Let 

(3.1) t jk w k = Wj + fl\zj ) • Wj + fi 3 (zj) ■ w 3 j + fl 3 (zj) -Wjd - 

be the expansion of tj k w k by Wj on Vjk, where z 3 is a holomorphic function defined on Vj 
such that ( Zj,Wj ) is a coordinates system of Vj. 

Definition 3.2. We say that the system {wj} is of order n if the coefficient ffif in 
the expansion (13.11) is equal to 0 for all m < n on each Vjk- 

Proposition 3.3. Assume that a system {wj} is of order n. Then {(Ujk, fn+i\u jk )} 
satisfies the cocycle condition for Ox(—nC)\c, where / r yJ_, is that in the expansion 
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Proof. From a simple calculation, we obtain the equation 

on each Ujk , which shows the 1-cocycle condition. □ 

Definition 3.4. We denote by u n (C, X ) the class [{(Ujk, fn+i\u jk )}] £ H l {C , OxiNfi,^)). 
We say that the obstruction class u n (C,X) is well-defined if, by shrinking V and {Vj} 
if necessary, there exits a system {in/} of order n. 

Remark 3.5. It can be easily shown that the class [u n (C,X)\ £ H l (C, Ox(N^? x ))/C* 
does not depend on the choice of the system {wj} of order n. 

Proposition 3.6. Assume that u n (C,X) is well-defined. Then, for each m < n, 
u m (C,X) is also well-defined and u m (C,X) = 0 holds. u n (C,X) = 0 holds if and only if 
u n+ i(C,X) is well-defined. 

Proof. The first assertion is clear by definition of u m (C,X). Thus we here show the 
second assertion. Assuming u n (C,X) = 0, we will construct a new system {vj} of order 
n + 1 by shrinking V and {Vj} if necessary. 

As u n (C, A") = 0 holds, there exists a 0-cochain {(Uj, Fj)} £ C'°( { Uj } , Oc(NfifJ x )) such 
that 

*'i-t]kFk = (wp-t]?w?') \u Jh 

holds for each j, k. Extending each Fj to a holomorphic function defined on Vj by shrinking 
V and {Vj} if necessary, we define a new system {vj} by Vj := Wj ■ (1 — Fjwf )~f = 
Wj + ^Fjwf +1 H— •. Since v 3 = Wj + 0(wf +1 ), it is clear that our new system {vj} is also 
of order n. Moreover, the equation 

(»r - ^ n )\u n = (fe - r,r n - - F t ))\ Uti =o 

shows that the system {vj} is of order n + 1 (see the proof of Proposition 13. 3 j) . □ 

By Proposition 13.61 we can define the type of the pair (C, X) as follows: 

Definition 3.7. We say that (C, X) is of type n £ Z>o if u n (C , X) is well-defined and 
u n (C,X) 0 holds. We say that (C,X) is of infinite type if u n (C, X) is well-defined 
and u n (C, X) = 0 holds for all n £ Z >0 . 

4. Proof of Theorem 11.41 

4.1. Preliminary for the proof of Theorem 11.41 Let C be a compact complex curve 
with only nodes and i: C —» C be the normalization. Fix an open covering {Uj} of C 
and {U u } of C as in Remark [2721 In the proof of Theorem 11.41 as in |U831 p. 601], we use 
the function 

d(Oc,L) := inf max|l — tjk\- 
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as a distance between Oc and L £ Vq{C ), where the infimum is taken over the set of all 
{tjk} C U( 1) such that L = [{(Ujk, tjk)}] £ 17(1)). We use the following lemmata 

for proving the theorem: 


Lemma 4.1. For each L £ Vq(C), there exists a constant K = K(L ) > 0 such that 
the following holds: For each 1-cocycle a = {(Ujk,otjk)} € Z l ({Uj}, C(L)) with [a] = 
0 £ H l {{Uj}, C(L)), There exists a 0-cochain /3 = {{Uj,/3j)} £ C°({Uj}, C(L)) such that 
S/3 = a and ||/3|| < AT||a|| holds, where ||a|| = maxjk supjy \ajk\, ||/3|| = max^sup^ \Pj\- 

Lemma 14.11 can be shown in the same manner as the proof of [ KS1 Lemma 2], Next 
lemma is an analogue of [U83I. Lemma 4]. 


Lemma 4.2. There exists a constant K = K(C) > 0 such that , for each L £ Vq(C) 
and j3 = {(Uj,pj)} £ C°({Uj}, C(L)), d(O c ,L)\\p\\ < K\\S/3\\ holds. □ 


Proof. Let G be the dual graph of the open covering {Uj}: i.e. the vertex set is the set 
{Uj}, and there exist an edge connecting Uj and Uy. if and only if Ujk ^ 0- Denote by K 0 
the length of a longest path of G. We will show the inequality d(Oc, L) < (1 + 27k" 0 ) ||<5/5|| 
for each L £ Vq(C) and f3 = {(Uj,(3j)} such that ||/ 3 || = 1 . 

Fix jo such that | [3 ]0 \ = 1. Then, for each Uj, there exists a path i of G from Uj 0 to Uj 
whose length is n < K 0 . Let Lj 0 , Ug 1 ,--- , Ug n be the sequence of open sets corresponding 
to the path £ {n < K, £ 0 = jo,^n = j,Ug v D Ug v+l ^ 0 for each v < n ). First, we will 

show that 1 — |/%J < p|| 5/1|| holds for each v < n. As it is clear in the case v — 0, it is 

sufficient to show 1 — |/3^ +1 | < {y + 1)||5/3|| assuming that 1 — |/^J < p||< 5/3|| holds. Since 
l&J < |A„ +1 | + \P tv+ i ~ ti v+1 i v Pt„\ < \Ptv+i \ + II^H, the assertion holds. 

Thus we obtain the inequality 1 — \Pj\ < AT 0 ||<5/3|| for all j. Therefore 


d(O c ,L) < 


max 

j,k 


yjj 


I Pj 


— t 


'jk 


I Pi\ 


< max 


w 3 


+ | Pj — tjkPkl + 


Pi 


\Pi 


■ Pk 


\ \i J \ \l J \ 

< ||5^|| + 2max (1 - \pj\) < (1 + 2K 0 )\\5p\\ 

j 


holds, which shows the lemma. 


□ 


4.2. Proof of Theorem 11.41 Let V be a sufficiently small neighborhood of C in X. Fix 
an open covering {V)} of V such that Uj — Vj fl C, where {Uj} is that in the previous 
subsection. Fix also a defining function Wj of Uj in Vj as in Lemma [3.11 We will prove 
Theorem 11.41 bv constructing a new system {(Vj,Uj)} of defining functions u 3 of Uj in Vj 
such that tjkUk = Uj holds on each Vjk- Just as the proof of |U831 Theorem 3], we will 
construct such a new system {(Vj,Uj)} by solving the functional equation 

OO 

(4.1) Wj=Uj + J2 F ntf 

n =2 

on each Vj after defining a suitable holomorphic function Fj on each V r 
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4.2.1. Construction of { F -J}. Fix a holomorphic function Zj defined on Vj such that 
(Zj, Wj ) is a coordinates system of Vj for each j such that V ? T'lC' S i ng = 0. In this subsection, 
we show the existence of {Ff} such that the following (Property) n holds for each integer 
n > 2: 

(Property) n : Each Fj depends only on the variable z 3 if Vj D G' s j ng = 0, and the 
system {(V,-, Uj)} is of order n if Uj is a defining function of Uj in Vj which satisfies 
the equation Wj = Uj + Ylu =2 ^u u j- □ 

We show the existence of such {Ff,} by induction for n. Assuming that there exists a 
system { Fl } for v — 2, 3,..., n — 1 which satisfies (Property) n _i, we will construct {Ff} 
(The construction of {Ff} is done in the same manner as follows). 

Consider the expansion (13.11) of tj k w k by Wj on Vj k : 

t jk W k = Wj + f¥(Zj) ■ w) + fl 3 {Zj ) • w) + ft 3 {Zj) ■ w} + ■ ■ ■ 

(Recall that we are assuming that V 3 D C^ng = 0 whenever we consider the set Vj k ). Let 

OO 

(4.2) F*(wj,Zj) = TTj (FX lk ) + E dlfe) • K 

A=1 

be the expansion of Ff by the variable Wj on Vj k , where 7 Tj : Vj —?• Uj is the projection 
defined by ( Wj,Zj) i —y (0 ,Zj). Define the system {P^} by 

n / n —1 \ v n 

(4.3) E Kfe) ■ H + E Gte) • <4 = E V( z >) ■ < + °K +1 ). 

v=2 \ A=2 / v=2 

and the system {Q%>} by 

n— 1 oo / n— 1 \ ^ n 

(4.4) ek + 1 Edlfe) • Vi +E d(%) • <4 • < = EKk • +ok 1 ). 

y=2 A=1 \ A=2 / v=2 

Note that each Pfi and Q p 7 is uniquely determined after determining {j} for /i < v. 
Calculations by using (Property) n _i shows that the class of H 1 (C,Oc{N^ff 1 )) defined 
by (Pyi — tJ k +1 Qt 3 )\u jk coincides with the obstruction class u n -i(C, X) (see [ IU831 §4.2]). 
Since u n _i(C, X) = 0, there exists a 0-cochain {(Uj,ff)} such that ff — tff' + 1 ff = 
(Pf j —tJ k +1 Q^ j )\uj k holds for each j, k. The calculation in [ IU83L §4.2] shows that a system 
{ F'■{} satisfies (Property)™ if Fl{yjj,Zj) = ff(zj) for each j such that Vj D C^ng = 0, and 
Fn\u k = fn holds for each k. □ 

4.2.2. Construction of {uj}. In this subsection, we prove Theorem 11.41 assuming that 
there exists a system {FF]^L 2 which satisfies (Property)™ for each n > 2 and the formal 
power series A” + ^^l 2 (supy \Ff\)-X n has a positive radius of convergence (We will prove 
this assertion from the next subsection). For each j such that Uj D C sing = 0, we define 
Uj by the functional equation (14.11) (It is clear that there uniquely exists a solution of 
the functional equation (14.IF Next, let us consider on U k such that U k fl (Fsing = 0- Let 
{x k ,y k ) be a coordinates system of U k such that w k = x k ■ y k . Define new coordinates 
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system [x k , yk) of U k by x k = x k and y k = Vk + Y^=i F^k^Vk- Then clearly the function 
Uk ■— Xk ■ yk is a defining function of Uk in 14 and is a solution of the functional equation 
(I4.ip . From (Property)™ for each n > 2, we can conclude that tjkUk = Uj holds on each 
Vjk, which proves the theorem. □ 


4.2.3. Convergence of the functional equation for the case N c /x £ £o(C). In this 
subsection, we prove that the formal power series -X" + 5^=2 (supy* \Fjl\) -X n has a positive 
radius of convergence for a suitable choice of {F^} when Nc/x £ £o(C). 

First, we fix a point pj G Uj as follows: For each j such that U 3 D Cging = 0, we can 
regard Uj as the ball {|z| < £j} C C for some positive number e 3 via the coordinate 
function Zj. For such j, we dehne p 3 by z 3 (p 3 ) = 0 G {|z| < £j}. For each k such 
that Uk D Cging ~f~ 0 , via a suitable coordinates system (xk,Vk) of 14 , Uk is isomorphic to 
{xk ■ Vk = 0, \xk\ < Ek, \yk\ < £k} C C 2 for some positive number £*,. For such k, we define 
Vk by (. x k (pk),yk{Pk )) = (0,0) G {x k ■ yk = 0, \x k \ < £k, \yk\ < £fc}- We denote by Cf the 
constant F-{(pj) for each j and n. Note that we may assume that £j,£k < 1. Fix an open 
covering {U *} of C such that U* C Uj and Ujk = 0 =>■ U* k = 0 holds for each j, k. Fix 
also an open neighborhood V* of U* in V 3 such that V* C V 3 . Note that, we may assume 
that the coordinate function z 3 (. Xk,Vk ) can be extended to the set V 3 U Vf (14 U Vf) if 
Uji 7 ^ 0 (Uki 7 ^ 0, respectively), since {Uj} is sufficiently hne. Fix a sufficiently large real 
number C 0 such that 


sup 

Vjw: 


dzk 

dzj 


<C 0 


holds for each j, k with Uk fl Cging = 0) and 


sup 

Vjnv k * 


dx k 

dzj 


< C 0l sup 

V 3 nV k 


dyk 

dzj 


<C 0 


holds for each j, k with Uk D Cg^g 7 ^ 0. Denote by A(X) = X + £ C{X} the 

solution of the functional equation 


A{X) - X 


M 0 (4(X)) 2 
1 - RoA{X) 


with A'(X) = 1, where Mo, Ro are sufficiently large real number (There uniquely exists 
such A{X) for each M 0 ,R 0 , and clearly has a positive radius of convergence). Note that 
A n > 0 holds for each n > 2. In the rest of this subsection, we will prove that 


(4.5) sup \Fl\ < 3 A v 

Vi 

holds for each v > 2, sufficiently large M 0 ,R 0 , and suitable {Fff}. For proving this, it is 
sufficient to show the following claim: 


Claim 4.3. For sufficiently large M 0 ,R 0 , there exists a system L 2 suc h that 

(Property) n holds and that, for each k such that Vk D Cging 7 ^ 0, there exists a function 
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G k +n (x k ) with G k +n (x k (p k )) = <4*4(0) = 0 and a function G k _ n (y k ) with G k _ n (y k (p k )) = 
G k _ n {<S) = 0 such that F k (x k ,y k ) = C k + G k +n (x k ) + G k _ n (y k ) holds on V k . Moreover, 


(4.6) 




Ci\ < A v and 

dFl 

dzj 

and 



dG j u 

dx k 

5 

dy k 


< i4„ */ Uj fl Csing = I 

^ A v if U k D Cging 


holds for each u. 


REMARK 4.4. Claim 14731 actually deduces inequality (14. 5 j) . Indeed, for example, we can 
calculate 


\GiM = 


(<44 


'Vk 


< £k sup 


(<44 


< 


on each 14 with 14 flC^ing 7 ^ 0 (Recall that we are assuming that e k < 1). Thus we obtain 
the inequality \F k \ < \C k \ + \G k +v \ + | G k _J\ < 3 A v . 

For each j such that Vj fl C^ng = 0, we denote by Gf = G J n (zj ) the function — CP n . 
From now on, we will prove Claim 14.31 by induction. As A 2 = M 0 , Claim 14.31 for u = 2 is 
clear. Assuming the existence of \ satisfying (Property)^ and the inequality (14.61) 

for v <n, we will construct { F'■[} such that (Property)™ and the inequality (14.61) for u = n 
holds. First, let us fix sufficiently large real numbers Mi and R such that 

dfi’ 


sup | f kj | < MiR u , sup 

Ujk Ujk 


dzi 


< M X R V 


holds for each j, k. Then we can show the following lemma: 

Lemma 4.5. Assume that {Ff} v v z) 2 satisfies (Property) u and the inequality 
v < n. Then, by enlarging R if necessary, it holds that 

M 2 (A(X)) 2 


for 


sup I P* - t- t n+1 Q k n ’\ < the coeff. of X’ 


U, 


m 


jk 


1 - 6RA(X) ’ 


where M 2 := 18i?(l + MfR) and “coeff.” stands for “coefficient”. 

PROOF. Assuming that R is much smaller than the diameters of V)’s, we obtain 

K’(P) - tJ k " +1 Q k J(p) | < the coeff. of X" in 2 R(M,R + 

for each p e Uj k by the same argument as in [ U831 p. 599], which proves the lemma. □ 

Lemma 4.6. Assume that satisfies (Property) u and the inequality H4-6\ ) for 

v < n. Then, by enlarging R if necessary, it holds that 


sup 

Ujk 


d 


—(pf - tjr'QS) 


dz. 


< the coeff. of X n in 


M 3 {A{X)) 2 
1 - 6 RA(X) ’ 


where M 3 := 12i?(l + Co + 6RMi). 
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PROOF. From the equation (14.31) . we obtain that 


dPp 


dZn 


v=2 


< the coeff. of X n in 

n 

+EH/?< 




dz-: 


71—1 


*+E ihiY 


A=2 


n—1 


v -1 


x +E Ta)y 


v=2 


A=2 


' n—1 

E 

. A=2 




dz,- 




< the coeff. of X n in ^ (l + -) MlR " ' ( 3 ^W) 


v=2 

oo 


< the coeff. of X n in 2 V M 1 R V • (3 A{X)) V 

< the coeff. of X n in ARR ^ 6A ( X ^ 2 

1 - 6 RA(X) 

(Recall that Vj D C R \ nz = 0). Assuming that R~ x is much smaller than the diameters of 
P/s, we also obtain 


sup 

u i nU k 


0F% 


dzj 


= sup 


u i nu k 


1 d d x F, k 


A! dzj dw x 


= sup 


Ujnu£ 


1 d x dF, k , 


A! dw x dzj 


< R x sup 


VW 


of :* 


dzj 


which implies the inequality 


sup 

UjHU* 




dz-j 


< 2C 0 A„R X . 


Thus we can deduce the inequality 

dQ k J 


dzj 


OO OO 


the coeff. of X n in EE< 2C » + \)A V R X • (3A(X)) A • X 1 


v=2 A=1 
oo oo 


< the coeff. of X n in ^ + C 0 )2 X A V R X • (3A(X)) a • X v 

{A{X)f 


v=2 A=1 

< the coeff. of X n in 6R(1 + Co) 


1 - 6RA(X) 


on Uj D U£ from the equation (j4.4j) . Therefore, 
d 


sup 

U 3 nU k 


dz, 


<p ki - t~r i Q k j) 


< the coeff. of X n in 6R(6RMi + 1 + Cq) 


(M*)Y 


1 - 6RA{X) 


holds. For each point p E Ujk , by using l such that p E U*, we can calculate 


d 


— ( Pn‘ ~ t~ k n+1 Q ki M 


dz 


< 


d 


—(Pi! - U n+1< 2 »)(p) 


dz 


+ 


A(d‘ - t;? +1 Q‘ n k )( P ) 


< the coeff. of X n in 12R(6RMi + 1 + Cq) 


(MX)) 2 

1 - 6 RA(X) ’ 


□ 


which proves the lemma. 
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Let us fix a C°° Hermitian metric h of Jig, where i: C —> C is the normalization, 
and consider r\ n := i*{(U jk , d(P% 3 — tjk +1 Qn j ))}- The class of H l (C, Oq(Kq ® i*N c J^ x )) 
defined by r/ n is the trivial one. Thus, by Lemma 14.61 there exists a positive constant M 4 
depends only on M 3 and h such that 

\\Vn\\h := max sup \v7\h < the coeff. of X n in 

*'■'* u„„ 1 - 6i?A(A) 


holds, where {U u } is the open cover of C as in Remark 12.21 and r/^ /J is the 1-form such 
that i*{(Ujk, d(P^ — t~jk +l Q^))} = holds. Thus we can deduce from [ KSl 

Lemma 2] that there exists a positive real number K and {(14, r]")} e C°({U U }, 0^(K^<S> 
i*N^J'^ 1 )) such that 


_ f-n+l p, _ up _ 
L jk 'In ~ 'In 


= WaJ*<W - t-r'Q'n’), sup M* < Kh„ 


u„ 


holds, where i~ 1 (Ujk) = U Ufl . Note that K can be taken as a constant which does not 
depend on n (Here we used the assumption that i*Nc/x £ <4(C)). 

Now we start constructing functions G 3 n , G 3 ±n . First we consider on Vj such that 
Uj D Csing = 0. In this case, Uj is isomorphic to U v for some v via i. We define G J n as the 
extension of the function 

GUP) := / P (*1£)X 

Jpj 

defined on Uj. Next we consider on 14 such that C4 fl C S i ng 4 0. In this case, Uk is 
decomposed to two irreducible component {xk = 0} and {i/k = 0}. Take u, p such that 
^{{xk = 0}) = U v and z _1 {{yu = 0}) = I/ M holds. We define the function G k +n as the 
extension of the function 

G k +n (p ) := 

Jpk 11 

defined on { yk = 0}, and define the function G[ : _ n as the extension of the function 

G\{ P ) ■= 

Jvk 

defined on { x\. = 0}. By constructions, there clearly exists a positive real number C\ 
depending only on h such that sup^ \G 3 n \ < CiA"||r 7 n ||/j (sup^ \G± n \ < CiK\\r] n \\ h ) holds. 
Thus it holds that 

M (A( YB 2 

(4.7) sup \G J n \, sup \G± \ < the coeff. of X n in 5 

Uj u k 1 - 6 RA(X) 

where M 5 := C 1 KM 4 . 

Next, we give the construction of C 3 n . Clearly 



(Pi 1 - tjt'QS)\u„ - (Gj - t;? +1 G*)\ u „ (U k n c„„ g = 0) 

(pi 1 - i-r'Qiyjk, - (Gi - t-,” +1 (Gy.+ aj)\ Ujt (u t n c slng # 0) 
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is a constant for each j,k. Thus it follows from Lemma [4.11 that there exists a positive 
constant K 1 and a 0-cochain G C°({Uj},C(N^J'^ 1 )) such that 

(4.8) Cl - i" t ” + 1 c; = C k J , |Cj| < K, max |C**| 

holds for each j, k (Here we used the assumption that H l (C, = 0). From the 

assumption that Nc/x G £o(C), it holds that K\ can be taken as a constant which does 
not depend on n. 

Now let us consider 


Fi 


Cl + G{ (Uj n c, ln! = 0) 

Cl + G\ u + Gl n (Uj n C mt ± 0), 


Then, it follows from the argument in the previous subsection that the system {F ^}” =2 
satishes (Property) n . As the inequality (14. 7j) and 

\Cl\ < K\ max \C^\ 

< Ki\\{(Ujt, P* - tjk +1 Qn)}\\ + 2K, • (the coeff. of X” in 

< the coeff. of X n in K { (M 2 + 2 M$) - ( — 

holds, letting Ki > 1 , all we have to do is to show the inequality 

the coeff. of X n in K 1 (M 2 + 2 M ^f^~ 6 ^X(X) ~ An: 
which is clear by letting Mq := K\ (M 2 + 2 M 5 ) and Rq 6 R. □ 


4.2.4. Convergence of the functional equation for the case N c /x £ £\{C). In this 
subsection, we prove that the formal power series AT + (sup^. |F^|) -X n has a positive 
radius of convergence for a suitable choice of { Ff } when N c /x G £i(C). 

Let M\ and R be those in the previous subsection. Fixing a sufficiently large positive 
real number K 2 , consider the constants M 0 := K 2 (M 2 + M 5 ) and i? 0 := 6 R, where M 2 and 
M 5 are the constants appeared in the previous section (Recall that M 2 and M 5 depend 
only on the choice of M\ , R , and the metric h on Kq). Let A(X) = X + Y ^=2 A n X n be 
the formal power series defined by 

(4.9) g(M 5 + d{O c , NZjl )- 1 • M 0 )~' • A„X" = hAglh- . 

Lemma 4.7. A(X) has a positive radius of convergence. 

Proof. Let us denote E n := M 5 + d{Oc, ^c/x )^ 1 ' -^o- It is sufficient to show the 
following two assertions: (1) — loge„ = O(logn) as n —* 00 , (2) < £~ l + eff for 
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m < n ( |Siej . see also jU831 Lemma 5]). (1) follows from the assumption Nq/x £ £i(C). 
(2) follows from the inequality 

_ ^(^c/x^c/x) ^ d(Oc, Nq/ x ) + d(Oc, N™/ x ) 

£n ~ m M 0 + M 5 • d{Ng /x , N™ /x ) ~ M 0 + M 5 • (d(O c , N” /x ) + d{O c , N % /x ))' 

□ 

It is sufficient to show that Claim 14.31 is also true for A(X) above under the con¬ 
dition N c /x £ £i(C). As in the previous subsection, we will construct {iqj} such that 
(Property)™ and the inequality (I4.6j) for u — n holds by assuming the existence of {i ^}”=2 
satisfying (Property)™ and the inequality (14. 6 p for v < n. Note that Lemma [4.51 Lemma 
14.61 and the inequality (14.7p holds also in the present setting. Thus we can take C ] n 
as (14. 8p . However, under the present assumption, we can not take K x as a constant 
which depends on n (At least, the existence of such K\ does not followed directly from 
Lemma 14.11 in the present setting). So here we use Lemma [4.11 instead of Lemma, [4.11 to 
deduce that there exists a positive constant K 2 which does not depend on n such that 
\Cl\ < d(C, • K 2 ■ max^jfc \C{ k \ holds. Since 

\Ci\ < the coeff. of ,Y" in d(C, N-J x T l K 2 (M 2 + 2M 5 ) 1 

< the coeff. of X" in (M, + d(C, N rfxV' 
it is sufficient to show the inequality 

the coeff. of X" in (M 5 + d(C, N c/x)~ lM o) 

which is clearly followed by the equation (14.9p . □ 

5. Proof of Theorem 11.51 

In this section, we prove Theorem 11.51 Let i: C —y C be the normalization. Fix a 
neighborhood V of C and a sufficiently fine open covering {V}} of V. We may assume the 
open covering {Uj} of C defined by Uj := VjDVj is enough fine to satisfy the conditions in 
Remark [2~2l Let {(Vj,Wj)} be a system of order n, where n is the type of the pair (C, X ). 
From the arguments in [ U83i §3.4], it is sufficient for proving Theorem 11.51 to construct 
a real-valued C°° function ip\ on V \ C for each A > 0 which satisfies the following three 
properties: 

(Property 1 ): <p\(p) = d(p, C)~ Xn + o(d(p, C)~ Xn ) as p —> 00. 

(Property 2): (p\ is a strongly psh function on V \ C if A > 1. 

(Property 3 ): The complex Hessian of ip\ has a positive and negative eigenvalue 
at each point in V \ C if A < 1. 

Note that, by Proposition 12. 51 the natural map M 1 (C', C (N^ x )) —> H l (C, Oc{N£ y x ))© 
M 1 (C ( , Oc{N™/ x )) is isomorphism for all integer m (Here we used the assumption that 
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G(C) is a tree and that N c /x = Oc)- Thus we can run the same argument as in [ IU831 
§3.3] and then construct a function s: V \ C —> M such that 


5 Vi = 


\w\ 


I —2 n 


w n g 


w n g — w n 



—w 


E 


ifabW W 


+ \g\ 2 + \w\ ■ a 


\a,b> 0, 1 <a+b<n 


holds for some holomorphic function g = gj defined on Vj, pluriharmonic functions 
(fab = Pj\ab defined on Vj, and some C°° function a = a 3 defined on Vj, where we 
are denoting by w the function Wj. Moreover, it can also be assumed that the ele¬ 
ment of H 1 (C,Oc(N^J' x )) defined by 6{(Uj, '9j\u j )} coincides with the class defined by 
{{Uj k , ( w~ n - where t jk G U(l) is a transition function of N C /x on U jk . 

From this fact and the assumption that u n (C,X)\c v ^ 0 G H l (C v , Oc\c v ) for each irre¬ 
ducible component C v of C, it follows that dgj\u 3 ^ 0 holds for all U 3 . Thus it follows 
from the calculation in [U83| §3.3] that, after a small modification, s 2 satisfies (Property 
1), (Property 2), and (Property 3) on each V 3 such that Vj D C S i ng = 0. 

Thus all we have to do is to modify the function s 2 around each singular point p G C^g 
and show it satisfies (Property 1), (Property 2), and (Property 3). We assume C^ng = 
{p} C U k for simplicity. In the rest of this section, we always consider on V k and omit 
the index k (w — w k , g = g k for example). Fix a coordinates system (x,y) such that 
w = x ■ y. Note that we may assume g can be written in the form g{x, y) = gi(x) + g 2 (?/), 
where g\ ((? 2 ) is a holomorphic function depending only on the valuable x (y, respectively). 
Moreover, we may assume that {dgi = 0} C {x = 0} and {dg 2 = 0} C {y = 0} hold by 
shrinking U k if necessary. By using a coordinates system ( w,z ) := [x ■ y,y) = (w,y) on 
{x ■ y ^ 0}, we can calculate the complex Hessian 

H\ : = 

of as follows: 

H x = -| m ;|-( a - 2 )". 

2 

Thus it holds that 

det H X = (A -l )A2 ^ |^| 2 | w [- 2( An-n +1) (i + 0(1^1)). 

Note that, as 


|n 2 \w\ 2n 2 • (1 + 0 (|tc|)) (| — l) nw l w n g z ■ (1 + 0(\w\)) 

-l)nw- 1 w~ n g z -(l + 0(\w\)) \\g z \ 2 


(s 2 ^)ww 
(s^) zW 


(s^) w - z 

(sh z -. 


9z — (<7l + g-2)z — (, 9l)x • ( — ) + ( 92)1 

\ Z / 2 


-x • (gi) x + y • {92)1 
y 


does not vanishes on each point in {x 7 ^ 0} U {y 7 ^ 0}, it is sufficient to modify s 2 
only around p. Letting p{x,y ) be a C°° cut-off function such that p\p [X \ 2 + \ y \ 2 <s ^ = 1 and 
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Supp p C {|x | 2 + \y \ 2 < 25} hold for some sufficiently small number 5 > 0, consider the 
function defined by 


sz + ep(x, y ) • f|z| 2 + ■ H (A 2) ' 

- ep(x,y ) ■ ' ^| 2 + • M _(A_2) ' 


(A>1) 

(0 < A < 1), 


where e is a sufficiently small positive real number. As the complex Hessian of the function 
R\(w,z ) := (\z\ 2 + -pp-^ ■ \w\~ ( ' X ~ 2 ' )n can be calculated as 


(yR\)ww (Rx)wz 

= \w “( A_2 ) n 

°(^) 

{R\)zw [R\) zz 


°(^) 1 + w . 


we can conclude that, by shrinking e if necessary, the above function ip\ satisfies (Property 
1), (Property 2), and (Property 3). □ 


6. Proof of Theorem 11.61 

In this section, we prove Theorem 11.61 Let C = C\ U C 2 U • • • U Cx be the irreducible 
decomposition of C and let Cx fl C\ — {pi}, C u fl C u+ i = {p u } {y = 2, 3,..., N). In the 
following, we sometimes denote px by p 0 and Cx by C 0 . Fix a neighborhood V of C and a 
sufficiently fine open covering {Vj} of V. Denote by { U 3 } the induced open covering of C: 
Uj := VjDVj. We may assume that {Uj} satisfies the conditions in Remark 12.21 Denote by 
Uk v the open set which includes p u as an element. Each Uk v has two irreducible components 

^ C Cy-\ and U^j C C v . Denoting by U^ the open set Uj by using v which satisfies 
Uj G C v for each j £ {ki ,k 2 ,...,k N }, {U { j U) | j = K or j = k u+ 1 or Uj C C v } defines an 
open covering of C u for each u — 0,1, ■ ■ ■ ,N — 1. 

From the arguments in [U831 §3.4], it is sufficient for proving Theorem 1 1.6 1 to construct 
a real-valued C°° function ip\ on V \ C for each A > 0 which satisfies the following three 
properties: 

(Property 1): tp\ (p) = (log d(p,C)) 2x + o((logd(p, C')) 2a ) as p —> 00 . 

(Property 2 ): ip\ is a strongly psh function on V \ C if A > 1. 

(Property 3): The complex Hessian of has a positive and negative eigenvalue 
at each point in V \ C if A < 1. 

Lemma 6.1. For a suitable positive number a 6 K and {tjk} C C* such that Nc/x = 
[{(Ujkjtjk)}], the following conditions hold: \tjk\ = 1 holds if j,k 7 ^ k\, or if j 7 ^ k\ and 
Uj C C\ hold. | tj kl \ = a holds ifUj C Cx- 

PROOF. It can be shown by the same argument as in the proof of Lemma 12. II by using 
the normalization i \: C\ —> C of C at pi instead of the normalization i: C — > C (Note 
that, by Lemma 12.41 i\Nc/x is flat). □ 

Fix cc, {tjk} as in Lemma 16.11 Note that, by the assumption that Nc/x is not flat, 
q^I holds. Fix also a system {(Vj,Wj)} of order 4. 
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Lemma 6.2. There exists a nowhere vanishing holomorphic function fj on Vj for each 
j fL {ki, k 2 , • • •, kjsr} and a coordinates system (x v , y v ) of V kv for each k u (u = 1, 2,..., N) 
such that the following conditions hold: 

(i) For each j (f {At, k 2 , ■ ■ ■, A^v}, fj depends only on the valuable Zj, where Zj is a function 
such that ( Wj,Zj ) is a coordinates system ofVj. 

(ii) For each j,k such that Uj,Uk C C v , there exists an element Sj k E U( 1) such that 
Sjkfk = fj + 0(wj) holds on V jk . 

(in) {x u = 0} = and {y v = 0} = ujf'J hold on V kv (v = 1, 2,..., N). 

(■ iv ) For each j and v = 1, 2,..., N such that Uj kv ^ 0, there exists an element Sj kv E U( 1) 
such that Sj kv y~ l = fj + 0(wj ) holds ifUj C C v -i, and that Sj k „x v = fj + 0(wj ) holds if 
Uj C C v . 

Proof. As C v is non-singular, Oc„(Pu~Pu+ i) is flat for each v — 0,1,..., N — 1. Thus 
there exists Sj k E U( 1) for each j, k and a holomorphic function F on Uj‘ y> for each j 
such that Fj U] = Sj k F^ holds on . fj,x Vl y~ x can be constructed by extending each 
Fj to Vj in a suitable manner. □ 

REMARK 6.3. In Lemma 16.21 we may additionally assume that S v \jj k is a constant 
function for each u, where S„ := (w kv /(x v ■ y v ))- Here we will show this assertion by 
modifying (. x u ,y u ) as in Lemma 16.21 and constructing a new coordinates system (x Ul y v ) 
with (w kv /(x v -y v ))\u k = Qu, where q v := S v (p v ). Let Q u be a holomorphic function defined 
on V k „ which coincides with S v jq v on and with the constant function 1 on uj^ 1 , and 
consider y v := Q u -y v . y u coincides with y v on and satisfies that S v Lm = q u , where 

S u := (wk„/(x v ■ y u ))- Let Q v be a holomorphic function defined on V kv which coincides 
with S v /q u on and with the constant function 1 on \ and consider x u := Q u -x u . 

x u coincides with x v on UfJ and satisfies that (w kv /(x u ■ y v ))\u kv = Qu holds, which shows 
the assertion. 

Lemma 6.4. There exists a constant q E C* and functions {fj}, {(x v , y u )} as in Lemma 
Ih.dl such that S v \u k = Q holds for each v E {1, 2,..., A^}, where S v := w kv /(x v ■ y u ). 

Proof. By Remark l6~3l we may assume that the function S u = w kv /(x v ■ y v ) coincides 
with the constant function q u on U u . Fix a complex number q such that g A = qi ■ q 2 • • • • gjv 
and consider a sequence {ai, a 2 ,..., a^} C C* which is defined by aj := 1 and a u := 
g” 1 • q u ■ a v -\. Let us denote by fj the function a v fj for each j such that Uj C C u , and 
by (x v ,y v ) the new coordinates system of V kv defined by x u := a u ■ x v ,y v := ■ y u . 

Then the assertion follows from the fact that (w kv /(x v ■ y v ))\u v is the constant function 
q u * —\ • ciu . 113 

Now we start constructing ip\ by using {fj}, {(x v , y v )}, Q as in Lemma l6~4l By replacing 
each Wj with q~ l ■ Wj, we assume that q = 1. Define the function (fj on each Vj C Uj as 
follows: 

N — 2u 2 

<Pj ■= (log \wj I) + —^-l°g a ■ log \Wj\ + — ■ loga • log \fj\ 
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if Uj C C v holds for some v e {1, 2,..., N}, and 

N 


Pk := (log|w; fc J) + 


2< ' ? — • log a • log \ wk u \ ~ ^ ■ log a • log \y v 


N 


N 


Vjkip) ■ = 


for each v = 1,2,..., iV. Let {p^} be a system of C°° functions pj: Vj —> [0,1] cl such 
that Supp pj C Vj holds for each j and (^. Pj)\v 0 = 1 holds for some neighborhood Vo of 
C in V. Since the calculation as in [TJ91L p. 687] shows that 

/ <Pk(p) ~ <Pj(p) ip e Vj k \ U jk ) 

v 0 (p e U jk ) 

is a C 2 class function defined on Vjk for each j, k such that Ujk ^ 0. Let us denote by p 
the function on V \ C such that p\v d = pj + Pk ' Pjk for each j. 

We will construct a function p x with (Property 1), (Property 2), and (Property 3) by 
modifying the function p x . First we obtain from the same calculation as in [TJ91. p. 689] 
that 


P 


—A+2 


A 


ip )ww (p )wz 
[p X )zw {p X )zz 


(A+ «(!)) (A - 1) ^M(l + 0(1)) 

(A - 1) +§+(1 + o(l)) (A - 1) (1 + o(l)) 

holds on each I4„ \ Uk„ for each v = 1,2,..., iV, where {w, z ) = {wk„,y v ) and B = 
Note the determinant of the above matrix is 


A - IE 2 (log 

in 2 ) A —1 (logo;) 2 (log 

\w 

I 2 ) 

2 

\wz\ 

2 2 N 2 

\wz\ 

2 


For each j such that Uj C C v , we obtain from the same calculation as in |U911 p. 688] 
that the above matrix with (w,z) := (wj,Zj) is 


(A -|) ^(l + oW) 


(A-l)tr-(!=|M)i^(l + o(l)) 

whose determinant is 


(A-1)!T-!^(^)(1+o(1)) 

(A — 1) 


(/#)* 


A — 1 (logo) 2 

ifi)z 

2 (log 1 W 

2 N 2 

fj 


w 

2 


(logo) 2 
N 2 


-(1 + 0 ( 1 )). 

\UJ\~ 

Thus it turns out that the function p\ := p x satisfies (Property 1), (Property 2), and 
(Property 3) if each function (fj) Zj has no zero. 

In the rest of this section, we construct a function p\ with (Property 1), (Property 2), 
and (Property 3) when there uniquely exists a open set Uj (j ^ {k\, k 2 , ■ ■ ■, k at}) such that 
ifj) Zj vanishes only on {zj = 0}, for simplicity. Letting x( z j) be a C°° cut-off function 
such that x|{| 2j |< 5 } = 1 and Supp x C {| +1 2 < 25} hold for some sufficiently small number 
5 > 0, consider the function p\ defined by 

/ <Piwj, z j) X + ^ • x(zj) ■ (- log K|) 2(A_2) • \ z j \ 2 (A > 1) 

ip\ := < 

\p{iVj, Zj) x - e\ ■ x(zj) ■ (- log \wj\yU~ 2 ) ■ \ Zj \ 2 (0 < A < 1), 
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where e > 0 is a sufficiently small positive real number. As 


(— log |uc|) A+2 


(Rx) WW (Rx) wz 
(Rx) zw {R\)zz 


o 


M 2 (-iogM ) 2 


0 


w(-log|iu|) 


o = 


( lU(—log |ui|) J M*) • M 2 lz 


holds for R\ := (— log \wj\) 2( ' X ~ 2 " > ■ \zj \ 2 and (w,z) := ( uij,Zj ), we can conclude that, by 
shrinking £ if necessary, the above function <p\ satisfies (Property 1), (Property 2), and 
(Property 3). □ 


7. Proof of Theorem 11.11 and application to the blow-up of the 

PROJECTIVE PLANE AT NINE POINTS 

7.1. Minimal singular metrics of the anti-canonical bundle of the blow-up of 
the projective plane at nine points. In this section, we will prove Theorem 11.11 We 
also study singular Hermitian metrics with semi-positive curvature on Kf l of the blow-up 
X of P 2 at nine points in arbitrary position by applying Theorem 11.41 and Theorem 11.61 
and prove the following: 

Theorem 7.1. Let pi,p 2 , ... ,pg E P 2 be 9 points different from each other, 7r: X — > P 2 
be the blow-up at {pj}® =1 . Then one of the following five assertions holds: 

(i) Kf ] is semi-ample (i.e. Kf n is generated by global sections for some integer n). 

(ii) Kff is not semi-ample, however it is semi-positive (i.e. Kf 1 admits a C°° Hermitian 
metric with semi-positive curvature). 

(Hi) K x l is nef and there exists a section f E H°(X, Kf 1 ) \ {0} such that the singular 
Hermitian metric \f\~ 2 is a minimal singular metric (i.e. a metric with the mildest sin¬ 
gularities among singular Hermitian metrics of Kf 1 whose local weights are psh). In this 
case, Kf 1 is not semi-positive. 

(iv) Kff is nef, and there exists a compact curve Cel with nodes such that Nq/x £ 
Vo(C) \ (So(C)U S^C)) and K~ x l = O x (C ). 

(■ v ) A'y 1 is not nef, and the nef part of the Zariski decomposition of Kf 1 is semi-ample. 

For the precise definition of minimal singular metrics, see [ DPS . Definition 1.4]. 

REMARK 7.2. It also follows from the proof of Theorem 17.11 blow that none of the five 
conditions (f), (ii ),..., (v) in Theorem 17.11 can be removed, since there exists configura¬ 
tions for which each condition is realized. 

Remark 7.3. Note that, except the case of Theorem 17.11 (iv), we can determine the 
concrete expression of a minimal singular metric on Kf l . For the case (i) and (ii), Kf 1 
is semi-positive and thus a minimal singular metric can be taken as a C°° one and thus 
it has no singularity. For the case (v), the metric h m \„ = hp ® rLbi- ' 2aj is a minimal 
singular metric of Kf { , where ///< is a C°° Hermitian metric on the nef part P of Zariski 
decomposition of Kf 1 with semi-positive curvature, N = ajDj is the negative part, 
and gj G H°(X,O x (Dj)) is the canonical section for each j (The minimal singularity of 
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the above metric directly follows from the fact that, for all closed (semi-)positive current 
T in the class the Lclong number v(T, Dj ) of T along Dj is greater than or equal 

to cij for each j (see •Ho p. 54]). 

7.2. Preliminary for the proof of Theorem 11.11 and Theorem 17.11 In this sub¬ 
section, we give some lemmata and propositions needed in the proof of Theorem 11.11 and 
Theorem 17.11 First we show the following: 

Lemma 7.4. Let X be a non-singular rational surface and C C X be a reduced compact 
curve with only nodes such that N C / X E S 0 (C). Assume one of the following conditions: 

(1) C is a non-singular elliptic curve. 

(2) Each component of the normalization of C is a rational curve, and the Euler number 
of the dual graph G(C ) is equal to 0. 

Then O x {C) is semi-ample. 

Proof. Let n > 1 be the minimum integer such that X r X x = Oc■ By considering the 
exact sequence 

H°{X, O x (nC )) -A H°(C, N£ /x ) —>■ H\X, O x {(n - 1)C)) 

induced from 0 -A O x ((n — 1)C) —> O x {nC ) —> O x {nC) <g) O x /O x (—C) —> 0, it is 
sufficient to show that H 1 (X,O x ((n — 1)C)) = 0 holds. Note that H L (C, Nf,j X ) = 0 
holds for each 0 < r < n — 1 (It is clear for the case (1). For the case (2), we can prove 
it by using the same calculation as in the proof of Proposition 12.51) . Thus we obtain 
H 1 (X,O x ((n — 1)C)) = H 1 (X,O x ) from the argument in (Nj p. 38], which shows the 
lemma. □ 

In the proof of Theorem 11.11 and Theorem 17.11 we use Theorem 11.41 in the following 
form: 

Corollary 7.5. Let X be a non-singular surface, C C X be a reduced compact curve 
with only nodes such that each component of the normalization of C is a rational curve. 
Assume that the dual graph G(C) is a cycle graph and that Nc/x £ £i (C) holds. Then 
Oy(C) is a flat line bundle for some neighborhood V of C in X. 

Proof. We obtain H l (C, C(iV^ x )) = 0 and i7 1 (C, Nf:^ x ) = 0 hold for each n from 
Proposition 12. 5l and the calculation as in the proof of it. Note that especially it holds that 
u n (C, X) = 0 for each n. Thus we can apply Theorem 11.41 which shows the corollary. □ 

In the proof of Theorem 17.11 it is also needed to treat a divisor D of a non-singular 
surface X which can be written in the form 

D = aC + a\E\ + + • • • + Oj X En (a, cq, cq? • • • ■> a N 5> 0), 

where C, E\, E 2 ,. .., E x are non-singular compact curves embedded in X which satisfy 
the following conditions: 
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• There exists N points Pi,P 2 , ■ ■ ■ ,Pn £ C different from each other such that, for 
each v — 1,2,..., iV, C intersects E v at p v transversally. 

• E u fl = 0 holds for each i/^/j G {1, 2,..., N}. 

• The line bundle Nd/s C , 5 (-D)|su PP d is topologically trivial, where Supple = 

CU^U^U-'-UEjv 

• The greatest common divisor of (a, Gq, 02 ,..., ajv) is equal to 1. 

Denote b the integer — (C 2 ) and by b v the integer — (E 2 ) for each v = 1, 2,..., N. Then 
it is clear from ( D 2 ) = 0 that b = (cp + a 2 + • • • + a^/a and b v = a/a u hold (v = 
1,2,... ,N). Fix a connected open neighborhood W of SuppD which is a deformation 
retract of SuppD. 

Lemma 7.6. Let (X,D),W be as above. Then there exists a holomorphic line bundle 
L on W such that L a = Ow(52v=i a ^E u ) holds. 

PROOF. Denote by L' the line bundle Ow(~C). By considering the isomorphism 
H 2 (Supp D, Z) = H 2 (W,Z), we obtain that Ow(D) = ( L') a ® Ow(Ylu=i a ^Eu) is topo¬ 
logically trivial. Thus there exists a topologically trivial line bundle N' on W such that 
(. N') a = ( L') a ® Ow(Ylv =1 a vE v ). We can prove the lemma by letting L L' <g) N'. □ 

In the following, we fix a line bundle L as in Lemma 17.61 


Lemma 7.7. Let (X, D),W, L be as above. Then there exists a connected non-singular 
complex surface W and a covering map p: W —> W with degree a which satisfies the 
following conditions: 

(• i ) is the union of non-singular connected compact curves for each v. 

(ii) p is ramified along E^ with ramification index b v for each v and X, and is unramified 
outside of them. 

(in) =p'L holds. 

(iv) 0^/(D) = p*N' and O^(aD) = p*Ow(D ) hold, where N' is the line bundle appeared 
in the proof of Lemma 7. (\ and 


N a v 


D:=p~\C) + '£'E E X- 


v=l A=1 


Proof, p: W —> W can be constructed as the normalization of the cyclic cover of W 
defined by the line bundle L. □ 

For the above ( X , D), W, we can show the following two propositions by applying |U831 
Theorem 1, 2, 3] to the pair (W,D) as in Lemma [7.71 (We here remark that the idea to 
apply Ueda theory on a finite cover is pointed out by Prof. Tetsuo Ueda). 


Proposition 7.8. Let (X, D),W, L be as above. Assume that each E u is a rational 
curve, N D / W = (9s upp £> holds, and that the pair ( W,D ) is of infinite type. Then, after 
shrinking W if necessary, Ow(D ) is a fiat line bundle. 
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Proof. Note that each is a (—l)-curve. Thus there exists a contraction p: W —* 
VP of each E^ x \ Denote by C the strict transform of p~ x (C). We can deduce from the 
same argument as in the proof of Proposition 12.51 that H l (C, Oq) = H 1 (D, Og). Thus 
p*u n (C, W) = u n (D,W) = 0 implies that u n (C, VP) = 0. Since the pair (VP, C) is of 
infinite type, we can apply [U83I . Theorem 3] to show that Ojy(C') is a flat line bundle. 
As it follows that the line bundle 0^/(D) is also flat, we can take a nowhere vanishing 
section F e H° (w, p*N~ l ® 0^(D)j, where N is a flat line bundle on VP such that 
N | Supp d — N d /w holds. Consider the section 

F®i*F®(i 2 )*F <g>... ( F^YF e H° (VP, p*N~ a <g> O w (aD) > ) = H° (w,p* (A r_1 ® O w {D)) 

where i is a generator of the group Aut (VP/VP) of all deck transformation of p. As it 
clearly holds that the section above is nowhere vanishing and Aut (VP/VP)-invariant, it 
can be realized as the pull-back of a nowhere vanishing holomorphic gobal section of the 
line bundle N^ 1 <g) Ow(D), which induces the isomorphism N = (D\y(D). □ 

Proposition 7.9. Let (X, D),W, L be as above. Assume that each E u is a rational 
curve, N d / w = (PsuppD, and, that the pair (VP, D) is of type n < oo. Then the following 
holds: 

(i) For each real number A > 1, There exists a neighborhood V of Supp D and a strongly 
psh function <f> A : P\Supp D — > M such that $ A (p) — y oo and <f> A (p) = 0(d(p, Supp D)~ Xn / a ) 
hold as p —>• SuppD, where d(p, SuppD) is the distance from p to SuppD calculated by 
using a local Euclidean metric on a neighborhood of a point of C in V. 

(ii) Let V be a neighborhood o/SuppD in X, T be a psh function defined onV \ SuppD. 
If there exists a real number 0 < A < 1 such that T(p) = 0(d(p, Supp D)~ Xn ^ a ) as 
p —* Supp-D, then there exists a neighborhood Vo of Supp D in V such that v V|y 0 \ Sup p £ ) is 
a constant function. 

PROOF. Let p: VP —> VP and C be those in the proof of Proposition 17.81 In this case, 
we can deduce that the pair (VP, C) is of type n < oo by the same argument. Thus we can 
apply [U83I Theorem 1] to show that, for each A > 1, by shrinking VP if necessary, there 
exists a strongly psh function on VP \ C with $'(p) = 0(|/^r(p)|“ Q ) as p —> C, where 
f-Q is a local defining function of C. Then the function Y2i=i^ £ )* (F* can be realized 
as a pull-back of a strongly psh function <3> by p, where i is a generator of Aut (VP/VP). 
The assertion ( i ) can be proved by considering this <f>. The assertion (ii) followed from 
the same argument as in the proof of | VJ83l Theorem 2] for the functions $ and p*T. □ 

7.3. Proof of Theorem 11.11 In this subsection, we prove Theorem 11.11 

When Nc/x £ £i (C) holds, it follows from Corollary 17.51 that there exists a neighbor¬ 
hood V of C such that Oy(C) is flat. Thus, by the argument as in I Kh Corollary 3.5], we 
can show that Theorem O(i) holds. When Nc/x ^ Po(C')) we can use 11.61 and run the 
same argument as in the proof of |K2 , Theorem 1.1], which proves Theorem 11.11 (ii). □ 
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7.4. Proof of Theorem 17.11 In this subsection, we prove Theorem 17.11 Let p 1 } p 2 ,... ,pg G 
P 2 be 9 points different from each other and denote by it: X —y P 2 the blow-up at {pj}^ =v 
Take a curve C 0 C P 2 of degree 3 which includes {pj} 9 =1 as elements. 

Proposition 7.10. 

(i) If Kjl is not nef, the positive part of K x l is semi-ample. 

(ii) If K^ 1 is nef, C 0 can be taken as a curve with {pj} 9 =l D C sing = 0 and satisfying one 
of the following seven conditions: 

(7.10.1) : C 0 is a non-singular elliptic curve. 

(7.10.2) : C 0 is a rational curve with a node. 

(7.10.3) : Co is a rational curve with a cusp. 

(7.10.4) : Co has only nodes, and it has two irreducible components: Ig with degree 1 
and l\ with degree 2. It also hold that 7 f({pj} 9 = i fl £q) = 3 and that ff({pj} 9 =l D 
0=6. 

(7.10.5) : C 0 has two irreducible components: £ 0 with degree 1 and l\ with degree 2. 
It also hold that ff(£oP£i) = 1, ff({pj} 9 =1 n£ 0 ) = 3, and that #({Pj}j =1 HC) = 6. 

(7.10.6) : Co has only nodes, and it has three irreducible components 00^2 with 
degree 1. It also holds that ff({pj} 9 =l fl lj) = 3 for each j = 0,1, 2. 

(7.10.7) : Co has three irreducible components £o,£i ,£2 with degree 1. It also hold that 
ff(Io fl h fl 4) = 1 and that ff({pj} 9 = i fl £j) = 3 for each j = 0,1, 2. 

Proof. First we show the assertion (i). Let P be the nef part of Zariski decomposition 
of K x ] and denote by N the negative part: K x l — P ® Ox{N). When K x l is not nef, 
then (K x l .P) = —((P + N).N) = — (IV 2 ) > 0 holds. Thus we can apply [LT, Lemma 
3.1] and conclude that P is semi-ample. ( ii ) can be shown by elemental arguments can 
be shown by case-by-case argument. □ 

It follows from the above proposition that, in order to prove Theorem 17.11 it is suf¬ 
ficient to show one of the assertions (z), (ii), ..., ( iv ) holds by assuming each condition 
(7.10.1), (7.10.2), • • • (7.10.7) in Proposition 17.101 (ii). In the following, we denote by C 
the strict transform of Co- 

7.4.1. case (7.10.1). In this case, the pair (C,X) is of infinite (see [N] Lemma 6.2]). Thus 
we can apply [ U83l Theorem 3] to show that the assertion (i), (ii), or (iv) in Theorem 17.II 
holds (see jBrjh 

7.4.2. case (7.10.2). When N c /x & Vq(C), we can use Theorem 11.11 (ii) to show the 
assertion Theorem 17.11 (in) holds. Thus all we have to do is to consider the case when 
N c /x £ 'Po(C). If N C / X G Sq(C) holds, it follows from Lemma [73] that the assertion 
Theorem 17.11 (i) holds. If Nc/x £ £i(C) holds, we can apply Theorem 11.11 (i) and show 
that the assertion Theorem 17.11 (ii) holds. The rest case is Theorem 17.11 (iv). 
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7.4.3. case (7.10.3). Let us denote by q the cuspidal point of C. Let tti : Si —> X be 
the blow-up at q, 7 r 2 : S 2 —> S'iSupp 7 T*C' the blow-up at the singular point, and 7t 3 : S —* 
T^Supp 7T2 ti{C be the blow-up at the singular point. Denote by 7 r the map 7 r 3 07 r 2 07 r 1 : S —> 
So. Let us denote by C\ C S the strict transform of the exceptional curve of 7t 3 , by 
Ei C S the strict transform of the exceptional curve of 7 T 2 , by E 2 the strict transform of 
the exceptional curve of 7 Ti, and by E 3 C S the strict transform of Cq. Then the divisor 
D ■= 7 t*C can be decomposed as D — 6 C 1 + 3Ei + 2E 2 + E 3 . 

Consider p : W —> S and D as in Lemma 17.71 By a calculation as in Proposition 12.51 
it follows that i/ 1 (Supp D, (Psupps) = 0 and thus 'P(Supp.D) = {(Psupps}- Therefore 
it turns out that N D /s = ds upp D- When the pair (D,W) is of inhnite type, it follows 
from Proposition 17.81 that there exists a neighborhood W of Supp D such that Ow(D) = 
Ow■ Thus we obtain that dim H°(C, Ox(C)\c) = 1. Considering the exact sequence 
H°(X, O x (C)) -)• H°(C, O x {C)\c) ->• H\X, O x ) = 0 induced by 0 ^ O x -)> O x (C) -)• 
Ox{C ) ®Ox/Ox(—C) —> 0, we can conclude that the assertion Theorem 17.II (i) holds in 
this case. When the pair (D, W) is of hnite type, we can use Proposition 17.91 and run the 
argument as in the proof of | IK2[ Theorem 1.1] to conclude that the assertion Theorem 
17.11 (in) holds. 


7.4.4. case 

(7.10.4) 

(7.10.2). 


7.4.5. case 

(7.10.5) 

(7.10.3). 


7.4.6. case 

(7.10.6) 

(7.10.2). 


7.4.7. case 

(7.10.7) 

(7.10.3). 



In this case, we can show Theorem 17.1 1 bv the same argument as case 


In this case, we can show Theorem 17.1 1 bv the same argument as case 


In this case, we can show Theorem 17.1 1 bv the same argument as case 


In this case, we can show Theorem 17.1 1 bv the same argument as case 

□ 
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